Abstract. We give a geometric construction of sub-linear systems on a K3 surface consisting of smooth curves C with infinitely many g 1 gon(C) 's.
A number of results have been proved for curves on K3 surfaces throughout the last 25 years. In 1986, it was proved by Lazarsfeld [10] that if the linear system |L| on a K3 surface S doesn't contain non-reduced or reducible curves, then dim W r d (C) = ρ(g, r, d) for general C ∈ |L|. Knutsen [9] proved that the only cases of exceptional curves (i.e., curves C satisfying Cliff(C) < gon(C)−2) on K3 surfaces are the Donagi-Morrison example [3, (2. 2)] and the generalised ELMS example (a generalisation of [4, Theorem 4.3] presented in Knutsen's article, see "Generalised ELMS examples"). He furthermore proved that the gonality is constant for all curves in a linear system on any K3 surface as long as it is not as in the Donagi-Morrison example. A weaker result of Knutsen's gonality theorem was proved in [1] , for the case of ample linear systems on K3 surfaces.
Among the most recent results on curves on K3 surfaces, are one by Knutsen in [8, Theorem 1.1 (b)], proving that there exist curves C of any possible gonality gon(C) ≤ (g + 3)/2 on K3 surfaces; and one in [9, Theorem 3.1], proving that whenever |L| is a base-point free linear system on a K3 surface not as in the Donagi-Morrison example and the smooth C ∈ |L| satisfy ρ(g, 1, gon(C)) < 0, then dim W 2. The result. Let C be a smooth curve over C. One defines the gonality of C, denoted gon(C), to be the smallest k such that there exists a g
Hyperelliptic curves C of genus g = 2 are defined to have Cliff(C) = 0, and trigonal curves C of genus g = 3 are defined to have Cliff(C ) = 1.
A K3 surface is defined to be a smooth, projective surface S over C satisfying
where p a is the arithmetic genus of the curves in |L|. By [9, Theorem 2], the only exceptional curves on K3 surfaces are the ones found in [3, (2. 2)] and [9, "Generalized ELMS Examples"] (the latter a generalisation of [4] ). By [5, Theorem] , the Clifford index of the smooth curves in a linear system on a K3 surface is constant.
Lemma 2.1. Suppose C ∈ |L| is a smooth curve of gonality k such that
Vol
Taking global sections, we see that
as desired.
Proof of Theorem 1.1. Let S be a smooth projective K3 surface satisfying Pic(S ) ∼ = ZH , where H is a smooth curve on S with (H ) 2 = 2g − 2 ≥ 4. Then by a classical result in [12] , H is very ample (this result is stated more clearly in [7, Theorem 1.1] with k = 1, where it says in particular that if H is not very ample, then there exists an effective divisor D on S satisfying D 2 ≤ 0). It follows that O S (H ) defines an embedding from S into P g , which restricted to any smooth curve C ∈ |H | is the canonical embedding of C into a hyperplane of P g . Note that the smooth curves in |H | are non-hyperelliptic. Let S be the image of S , and let H be the image of H . Now consider a smooth plane curve X of degree m ≥ 3 lying inside a plane F ⊆ P g , let T ⊆ P g be a codimension 3 linear space that neither intersects S nor F , and consider the cone over X consisting of all codimension 2 spaces spanned by T and points in X. This cone is a hypersurface of degree m in P g , and if we consider the cones over all curves of degree m in F , including the singular and reducible ones, we get a linear system d inside |O P g (m)| (making a coordinate change and letting x 0 , . . . , x g be the coordinates of P g , we can assume that F is given by x 3 = · · · = x g = 0 and T given by x 0 = x 1 = x 2 = 0, in which case the cones are precisely the zero-sets of the homogeneous polynomials of degree m in x 0 , x 1 , x 2 , which is clearly a linear system). Since the base locus of d is T and T ∩ S = ∅, then d doesn't have base-points in S. We can hence apply Bertini's theorem and conclude that the general C ∈ d| S is nonsingular. Each curve is connected because the number of connectedness components for each C ∈ |mH| is constant and d| S ⊆ |mH|.
We now prove that gon(C) = (m − 1)H 2 = (m − 1)(2g − 2). By Lemma 2.1, we see that gon(C) ≤ (m−1)H.H = (m−1)(2g −2). Now suppose that |A| is a g 1 d of minimal degree on C, and note that |A| must be base-point free. Then d ≤ (m−1)(2g−2). Let g be the genus of C. We have 2g −2 = (mH) 2 = m 2 (2g−2), so that g = m 2 (g −1)+1, and so we get ρ(g,
, and by solving this as a second-degree equation in m, we see that this expression is always < 0. (The expression ρ(g, r, d ) was defined in the introduction.)
Following the work of Lazarsfeld and Tyurin [10, 13] , for any base-point free line-bundle A on C ∈ |mH|, there is defined a rank-2 vector bundle E C,A by
where A is considered as a sheaf on S by expansion by 0. We have that
Since ρ(g, 1, d) < 0 in our case, then we get that E C,A is non-simple. By Green and Lazarsfeld [5, Lemma 3.1] , and independently by Donagi and Morrison [3] , any such non-simple vector bundle E C,A lies inside an extension So gon(C) = (m − 1)(2g − 2) for all C ∈ |mH|. And so in particular, this applies when C is the intersection of S with a cone Q over a general smooth curve X of degree m in the plane F . Now let Z be one of the infinitely many codimension 2 subspaces of P g that exist in Q, and let H Z = |O P g (1) ⊗ I Z |, i.e., the linear system of all hyperplanes J in P g that contain Z. We show that the set
It is clear that all the elements in |A Z | are linearly equivalent, since all elements in H Z cut out linearly equivalent divisors on C. To find the degree of |A Z |, it suffices to show that #(Z ∩ C) = 2g − 2. To do this, consider a hyperplane J ∈ H Z . The points where this intersects C are precisely the intersection of the varieties J ∩ Q and J ∩ S. Now J ∩ Q = Z + V m−1 where V m−1 is a hypersurface in J of degree m − 1. And J ∩ S = C 2g−2 , a curve in J of degree 2g − 2. Since Z and C 2g−2 are both contained in J, then these intersect in 2g − 2 points, as desired.
We now show that two distinct codimension 2 subspaces Z and Z = Z give divisors A Z and A Z that are not linearly equivalent. Suppose they were. Then A Z < J 1 | C for some J 1 ∈ H Z and A Z < J 2 | C for some J 2 ∈ H Z . But since J 1 | C ∼ J 2 | C and we are assuming A Z ∼ A Z , then J 1 | C − A Z ∼ J 2 | C − A Z , and so Z| C ∼ Z | C . But since Z = Z and have T as the only space of intersection, then Z| C = Z | C , and since we showed that each such codimension 2 subspace intersects C in 2g − 2 points and m ≥ 3, then this contradicts the gonality of C.
It follows that each linear system |A|, A ∈ {A Z } Z , arises from a unique codimension 2 subspace Z in Q, and so it follows that dim W
